I investigate whether eternal inflation is possible when the inflaton originally travels upslope the scalar potential and inevitably reaches a turn-around point where its classical kinetic energy momentarily vanishes. This behaviour occurs regardless of the steepness of the potential slope. Such steep eternal inflation, if achieved, would satisfy the recent swampland conjecture and allow eternal inflation in the string landscape.
Eternal inflation is a mode of inflation where the variation of the inflaton field is not determined by its classical motion in field space, but by its quantum fluctuations [1, 2] . Typically, this corresponds to regions of the scalar potential, where the potential slope is shallow and/or the Hubble friction is huge. These regions are called "diffusion zones" because, under the influence of the quantum fluctuations, the inflaton random walks inside the diffusion zone (i.e. its expectation value diffuses in space), assuming equiprobable values throughout the diffusion zone, oblivious of the scalar potential and its slope. Hence, at some locations in space, it is possible for the inflaton to never exit the diffusion zone, in which case inflation never ends. At other locations however, the inflaton exits the diffusion zone and ceases to be dominated by its quantum fluctuations. In the latter case, the inflaton classically rolls down the scalar potential until inflation ends. In this picture, the global universe is undergoing eternal inflation, with the inflaton in the diffusion zone. However, occasionally, in some locations, the inflaton exits the diffusion zone by chance (the quantum fluctuations are random) and classical inflation continues, which eventually ends. Thus, in these locations, we have the formation of a so-called pocket universe, where inflation ends and subsequent evolution ensues. Our Universe is one such pocket universe. So, amids eternally inflating space, pocket universes are continuously spawned, with our Universe being one of them.
The original eternal inflation proposal considered a chaotic monomial potential [1] , where eternal inflation occurs up the slope near the Planck density, when Hubble friction is huge. In this potential there is only one minimum so all the pocket universes would be identical and would correspond to the locations where the diffused inflaton finds itself at low values and exits the diffusion zone. Soon it was realised that the situation would differ with more complicated potentials, featuring multiple minima. In such a potential the fate of the inflaton, when exiting the diffusion zone, is not unique. Indeed, after eternal inflation the inflaton may find itself in a different minimum at a different location in space. In this case the pocket universes are not identical, but belong to classes corresponding to different minima. This possibility is maximised in the string landscape [3] , which features a huge multiple of minima, in the form of valleys and sinks in the multi-field scalar potential of the moduli space [4] . Hence, it has been theorised that most, if not all the minima of the string landscape are populated through eternal inflation, with pocket universes giving rise to many different universes, one of which is our own. This is called the string multiverse. The multiverse idea allowed authors to use anthropic arguments to make sense of a number of tunings apparent in our Universe, that are unexplained but necessary for life to exist [3] .
Recently, however, a conjecture was put forward, which requires the slope of the scalar potential in string theory to be bounded from below [5] . In rough terms, it is conjectured that the slope of the potential cannot be shallow, especially on "high ground" where the potential density is large as is the case of primordial inflation. Effective field theories which violate this conjecture cannot be resulting from string theory, so they are not part of the string landscape but instead of the so-called swampland.
1 This conjecture may undermine eternal inflation, which seems to require a shallow potential slope. Indeed, the issue was studied in Ref. [10] and it was found that the proposed conjecture does not allow eternal inflation in string theory. As a result, the string landscape cannot be populated and the formation of the string multiverse is questionable.
In this letter, however, we investigate a different mechanism which may lead to eternal inflation and could operate with steeper potential. The idea is that if the initial conditions of the inflaton send it upwards in the scalar potential, then inevitably, its climb stops at some point, where it turns around and rolls downwards. At the turn-around moment, its classical kinetic density is zero, which means that its quantum fluctuations, no matter how small, may take over. If this were so, then there would be locations in space where the quantum fluctuations of the inflaton conspire to keep it up the scalar potential forever. Can this lead to eternal inflation with a steep potential? If it did, then the formation of the string multiverse would not be threatened by the recent swampland conjecture. We work in Einstein gravity only. In the following, we use natural units, where c =h = 1 and Newton's gravitational constant is 8πG = m −2 P , with m P = 2.43 × 10
18 GeV being the reduced Planck mass. First, let us briefly review standard eternal inflation. The idea is as follows. During inflation, gravitational particle production generates perturbations of all light, non-conformally invariant fields. In the case of a light, minimally coupled scalar field, its perturbations are given by the Hawking temperature in de Sitter space δφ = H/2π, which are generated per Hubble time δt = H −1 , where H is the Hubble parameter (approximately constant in inflation). Thus, due to these quantum fluctuations the scalar field is constantly displaced during inflation. This displacement is negligible if it is overwhelmed by the classical variation of the field, as it rolls down the scalar potential. However, if the kinetic density of the classical variation is very small, then the quantum displacement takes over and determines the field evolution. Because quantum fluctuations are random and oblivious of the scalar potential, it is equally possible to push the field towards larger potential values as well as smaller potential values. Thus, if the quantum variation of the field dominates its classical variation and if this field drives the inflationary expansion (the inflaton field) then a fraction of the inflating space will continue inflating forever as the field is kept at high potential values.
The criterion is obtained by comparing the classical to the quantum variation of the field
where we also assumed the (classical) slow-roll equation 3Hφ ≃ −V ′ , where V is the scalar potential density with the dot denoting time derivative and the prime denoting derivative with respect to the scalar field. The above suggests that the quantum fluctuations may lead to eternal inflation if the inflaton finds itself at a part of the potential where the potential slope is small enough to satisfy the bound in Eq. (1) .
Recently, however, a suggestion was put forward that the effective field theories coming down from string theory (so part of the string landscape) cannot feature a scalar potential with too shallow a slope. Instead it was conjectured that there is a bound on the scalar potential slope of the form
where c is a positive constant of order unity. Using the Friedmann equation in slow-roll V ≃ 3H 2 m 2 P and combining Eqs. (1) and (2) it is straightforward to find that one may feature eternal inflation only when [10] c < H
where we consider H < m P to avoid quantum gravity corrections.
Because we see that c ≪ 1 is needed, it seems that eternal inflation is not possible in the string landscape. Instead, effective field theories which allow eternal inflation find themselves in the swampland. As a result, eternal inflation cannot be used to populate the string landscape and lead to the formation of the string multiverse. Employing the multiverse hypothesis enabled explaining away the cosmological constant problem through anthropic arguments. Without eternal inflation, this seems not as possible.
Can the above situation be remedied? We discuss here a different possibility to realise eternal inflation, even without the requirement of a shallow enough slope in the scalar potential. We call this possibility Steep Eternal Inflation, which if it works, may allow the realisation of the string multiverse without violating the conjecture in Eq. (2) .
The basic idea is simple. Suppose that we are in a part of the potential with a steep slope. If the initial conditions are such that the kinetic density of the scalar field is sending the field upwards on the slope, 2 then the climbing field reaches a maximum and turns-around rolling down the slope. At the turn-around, the classical kinetic density of the field becomes momentarily zero. Thus, it is likely that near the turn-around the variation of the field becomes dominated by its quantum fluctuations. We investigate whether this can lead to eternal inflation, where there are always parts of the Universe where the quantum kicks conspire to keep the field up the slope. Given that, after the exit from spacetime foam, chaotic initial conditions may well lead to the initial kinetic density sending the field upslope, we believe that the the above scenario can be naturally realised.
To model the evolution near the turn-around we Taylor expand the scalar potential near the turn-around point as
where V 0 , V ′ 0 = constant and we have taken the turn-around point to be at φ = 0. Based on the above we can take
where we have considered that, because φ is close to zero, the potential in Eq. (4) is dominated by the constant term V ≃ V 0 . Saturating the inequality in Eq. (2), we can write the constant logarithmic slope as V ′ /V ≃ c/m P , where c > 0 and without loss of generality, we take V ′ > 0. Thus, the potential, near the turn-around, can be approximated as V = V 0 e cφ/m P , which in the vicinity of the turn-around point, becomes
The above suggests that V ′ ≃ cV 0 /m P = constant. Now, let's suppose that the upslope travelling scalar field dominates the Universe. The kinetic density of the field, as it approaches zero, is bound to become smaller than the potential density. Thus, we expect inflation to start (and the field to become the inflaton), and we can write the Friedmann equation as V ≃ 3H 2 m 2 P . Now, as we discussed, near the turn-around point, V ≃ V 0 = constant and so H ≃ constant. The same would be true for the slope of the potential V ′ ≃ cV /m P ≃ constant. Then, the Klein-Gordon equation becomesφ + 3Hφ + 3cH
whose solution isφ (t) = C e −3Ht − cHm P ,
where C ≡φ(0) + cHm P is an integration constant. We see that, only wheṅ φ(0) > 0, i.e. only when the field is originally climbing the upslope of the scalar potential, can we reach a turn-around moment t * , whenφ(t * ) = 0. From the above, it is straightforward to find that
As we want to study the system near the turn-around, we Taylor expand the expression in Eq. (7) near t * and finḋ
where we considered thatφ(t * ) = 0,φ(t * ) = −3HCe −3Ht * = −3cH 2 m P and we set ∆t = t * − t, with the ellipsis denoting higher-order terms in ∆t which we choose to ignore.
To achieve eternal inflation we must satisfy the requirement that
The above shows that the total duration when the system satisfies the condition for thermal inflation is 2∆t, while approaching the turn-around moment and while moving after it. However, in order to have the production of at least one quantum kick, we need that the total duration, while the system satisfies the eternal inflation requirement, is more than a Hubble time, i.e. 2∆t ≥ H −1 .This implies the bound
which is comparable to the bound in Eq. (3) and demonstrates that in order to achieve eternal inflation in this scenario, one still needs a shallow slope for the scalar potential. If the slope is large, i.e. c ≥ 1, then the time-interval when the condition of eternal inflation is satisfied (near the turn-around) is much smaller than a Hubble time so there is no time for a single quantum kick.
In summary, we have investigated whether steep eternal inflation is possible and complies with the swampland criterion |V ′ /V | > c/m P with c = O(1). To achieve steep eternal inflation we considered a scalar field, initially climbing up its scalar potential until a turnaround point, when momentarily its classical kinetic density becomes zero. We have found that the time period when the quantum variation of the field becomes dominant compared to its classical roll is more than a Hubble time only when c ≪ 1 and the slope is small enough for the turnaround point to lie in a diffusion zone. This means that steep eternal inflation is not possible and that eternal inflation, under the swampland conjecture, cannot populate the string landscape and realise the string multiverse.
